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Abstract
The power spectrum of the gravitational waves (as spacetime perturbations) in the flat back-
ground FRW universe are presented when the evolution equation of perturbations are described
in terms of scale factor. It is a straightforward method to calculate the power spectrum (diagram)
different from the ones used in [3, 7, 9], namely, method dependent on the transfer function. The
presence of the Hubble parameter in the evolution equations allows to calculate power spectrum
for different evolution stages of the universe. Specially, it is shown that, the incorporation of dark
energy has a reinforcing effect on the power spectrum.
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1 Introduction
Gravitational waves (GW) are propagating perturbations in spacetime which can be produced by rapidly
accelerating material bodies. In the other words, the ripples in the spacetime due to the accelerated object would
make disorderliness and this perturbations on linear order would produce GW which was predicated by Einstein
in 1916 [1]. In recent decays, study of the GW is a topic interesting the theoretical and experimental physics,
for example GW due to the early universe or the compact binary system [2, 3]. The first direct detections of
GW from the merging of black hole and neutron stars recently measured by the LIGO/VIRGO [4, 5, 6].
Studying the GW can be important from the standpoint of cosmological paradigms as inflation or LSS of
the universe. In the latter, it can play a potentially role to infer information about the LSS, what is known
as cosmography. Another important aspect of this study comes from the fact that, the GWs are tensorial
perturbations and this can provide the data to extract relevant information which cannot be derived from the
scalar perturbations, specially for the relic gravitational waves from the early evolution of the universe.
In this work, we are interested in studying and analysing the GW originating in the early universe which
to understand and describe of its physical conditions, the inflationary paradigm is a very successful theory.
The inflationary cosmology was welcomed due to solving the major cosmological problems. The inflation
theory is well–supported by observational data such as LSS of the present universe which is well–described by
the scalar perturbations. On the other hand, the tensorial perturbations predict the existence of a uniform
background of gravitational radiation in our universe. It is true that despite the very low intensity of GW,
observational evidences and technological tools have succeeded in detecting them, but the hope is that by
improved technologies, one should be able to test this prediction from inflation which would be a huge success
in confirming the theory.
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Due to the unresolved (and maybe unknown) gravitational sources and other possible matter–field fluctuations,
the existence of the noise in the early universe ambient is a natural one and this causes a random character for
GW (what is known as stochastic (background) GW). The study and investigation of such a background can
help us to understand and explore the early universe and on high–energy physics. In fact, the energy scale for
which the inflation can occur is one of the main challenge for theoretical and experimental physics and in this
way the GW as tensor fluctuations can play an important role to probe of the energy scale of inflation.
In general case when one deals with a stochastic (radiation) signal, the signal hasn’t a meaningful phase
data information (due to the random noise effects), thus it is common to use the spectral method to extract
information. Indeed, the power spectrum method is an important tool for analysing any (periodic) signal,
because it identifies at what frequency (or frequencies) is the signal power or, what form does the energy
density function over frequency have?. Therefore, to study and analysis of GW, the power spectrum diagram
can be utilized as an useful tool for extracting the information which can not be read from the time domain
signal. These information (as magnitudes of the frequencies components) can be extracted from the (power)
spectrum diagram. Indeed, the power spectrum of perturbations is related to the energy scale of inflation and
as mentioned, this can be very important to understand the early universe events.
In the present article, we are also focused on this method, namely analysing the gravitational perturbations
by special attention to their power spectrum. We calculate the GW spectrum in a different way from the one
used in [3, 7, 9]. The main difference is that the spectrum of gravitational waves is obtained directly from
the beginning of the universe until the present time in terms of scale factor (in the previous methods, the
power spectrum at different era (radiation, matter–radiation and matter) are obtained and then patch them
together). The work is organized as follows:
In section 2, we obtain the wave equation governing the perturbations in terms of the scale factor using the
Lagrangian formalism. In section 3, the power spectrum of gravitational waves and corresponding diagrams
are presented. Conclusions are given in section 4.
2 Perturbations in FRW Background Metric
In the beginning of this section, it is appropriate to give a brief overview of the time evolution of gravitational
perturbations (as given in literature on the subject).
Consider perturbed FRW spacetime whose line element can be written in the form [3, 7]
ds2 = gµνdx
µdxν = (g¯µν + hµν) dx
µdxν = a2
{−dτ2 + [δij + hij(t, x)] dxidxj} (1)
where τ is the conformal time, g¯µν = diag{−a2, a2, a2, a2} is the unperturbed FRW background metric and
hµν = hµν(x) is the perturbation satisfying the conditions: |hµν | << 1, h00 = h0i = 0, also traceless (hii = 0)
and transverse (hji,j = 0).
It has been shown that [3, 9], the linearization of Einstein equations (in presence of an isotropic and perfect
fluid) for the spectrum of perturbations lead to the following equation:
h
′′
k + 2
(
a
′
a
)
h
′
k + k
2hk = 0, (2)
where hk(τ) = h(τ, k) =
∫
d3xe−ik·xh(τ,x) is the Fourier transform of perturbations and prime denotes
derivative with respect to the conformal time τ . In the following, we obtain the last equation by Lagrangian
formalism.
The gravitational action for the tensor perturbations is given by[7]
S =
∫
dτdx
√−g¯
(
R +
1
2
Πijhij
)
=
∫
dτdx
√−g¯
(−g¯µν
64piG
∂µhij∂νhij +
1
2
Πijhij
)
, (3)
where R is the Ricci scalar, Πij is the anisotropic stress tensor and g¯
1 is the determinant of g¯µν . For an
isotropic and perfect fluid (hij(x) = h(x) and Πij = 0) action (3) reduces to
S =
∫
dτdx
√−g¯
(
¯−gµν
64piG
∂µh∂νh
)
=
∫
dτdx
√−g¯L, (4)
1Since we hold the first order of hij and also hii = 0, then
√
−g =
√
−g¯ .
2
which gives the Lagrangian of perturbation as
L =
¯−gµν
64piG
∂µh∂νh. (5)
This Lagrangian is independent of perturbation h(x), then the Lagrange equations
∂L
∂h
− ∂µ
(
∂L
∂(∂µh)
)
= 0, (6)
reduce to
∂µ
(√−g¯ ∂L
∂(∂µh)
)
= 0, (7)
which by substituting (5) into the last equation, there results
∂µ
(
a4g¯µν∂νh(τ,x)
)
= 0, (8)
by inserting the (inverse) background metric in the last equation and taking the Fourier transform on both
sides (8), it is easily to show that
h
′′
(τ, k) + 2
(
a
′
(τ)
a(τ)
)
h
′
(τ, k) + k2h(τ, k) = 0, (9)
which is the same equation (2).
Since, equation (9) is a mixed one (namely, two dependent variables a(τ), h(τ, k) are present in this equation),
it seems that in order to solve this equation, one have to enter the scale factor manually for each evolutionary
stage of the universe, as done in the previous article. However, if we express the derivatives in equation (9)
in terms of scale factor (instead of conformal time) thus, the perturbations become a function of scale factor
and this leads to an unmixed equation. This is done easily by the familiar replacement dτ = dt
a
which by this,
Eq.(9) becomes as follows
a4H2haa(a, k) +
(
4a3H2 +
a4
2
dH2
da
)
ha(a, k) + k
2h(a, k) = 0 (10)
where ha(a, k) =
dh(a,k)
da
, haa(a, k) =
d2h(a,k)
da2
and H = a˙
a
is the Hubble parameter which can be described as
function of scale factor, that is H = H(a).
Before attempting to solve equation (10), it is appropriate to turn it into dimensionless equation, that is, by
definition of the standard quantities (in c = 1 unite) as
L0 = 100Mpc = 1m (11)
t0 = 13.787Gyr = 1s
k0 = 0.05Mpc
−1 =
5
L0
= 5m−1
H0 = 100hs
−1kmMpc−1 = 1.001s−1
,
where k0 is the pivot scale andH0 is the Hubble constant, and considering the dimensionless quantities k → k/k0
and H → H/H0, the dimensionless form of (10) becomes
a4H2haa(a, k) +
(
4a3H2 +
a4
2
dH2
da
)
ha(a, k) +
(
5
1.001
)2
k2h(a, k) = 0. (12)
It is true that above equation has a more complex appearance than the equation (9), but it is a unmixed evo-
lution equation, namely, it gives the scale factor evolution of perturbations where by specifying the expansion
rate function H(a), one can treat it exactly or numerically.
3
3 The GW Power Spectrum
In this section, we are going to compute the power spectrum (density) corresponding to the perturbations
satisfying the equation (12). This is done by numerical instructions without restoring to the direct solution
for (12). To begin our analysis, we consider equation (12) by specifying the Hubble parameter as function of
scale factor. This parameter as expansion rate in terms of present–day measurable quantities is given by the
Friedmann–Lematre equation:
H2(a) = H20
(
Ωra
−4 +Ωma
−3 + Ωka
−2 +ΩΛ
)
, (13)
where Ωr = 9.4× 10−5 ≃ 10−4, Ωm = 0.3, |Ωk| ≤ 0.01 and ΩΛ = 0.7 are radiation, matter, curvature and dark
energy density parameters respectively. Of course, for a flat background, we set Ωk = 0, thus (13) reads
H2(a) = H20
(
Ωra
−4 +Ωma
−3 +ΩΛ
)
. (14)
As was mentioned above, the purpose of solving the equation (12) is to obtain the power spectrum (diagram)
of perturbations and this requires numerical instructions. For this purpose, we must first give the equations
necessary to describe the relationships between perturbations and the corresponding spectrum. The power
spectrum ∆2h(τ, k) corresponding to GW may be given by
< hij(τ,x)h
ij(τ,x) >=
∫
dk
k
∆2h(τ, k), (15)
which can be written in the reverse form as
∆2h(τ, k) =
2k3
2pi2
< |h(τ, k)|2 >, (16)
or, in terms of scale factor
∆2h(a, k) =
2k3
2pi2
< |h(a, k)|2 > . (17)
In the next step, the relative spectral energy density is introduced by
Ωh(a, k) = k
2 ∆
2
h
12a2H2(a)
=
k5
12pi2
< |h(a, k)|2 >
a2H2(a)
, (18)
and finally, the spectrum for the present time (a(τ0) = a0 = 1) becomes:
Ω(k) = Ωh(1, k) =
k5
12pi2
< |h(1, k)|2 >
H20
=
k5
3pi2
|h(k)|2
H20
, (19)
where |h(k)|2 = 12
(〈|h+|2〉+ 〈|h×|2〉) = 14 〈hijhij〉 = 14 < |h(1, k)|2 >. This means that the contributions of the
two polarization states (+,×) of GW for power spectrum is taken to be equal[10].
To get a visual indication of how well the frequencies spectrum, we have to use the numerical recipes which
requires the appropriate initial conditions (imposed on (12)). The initial conditions must at least meet some
physical considerations as positive and non–zero power spectrum, so the appropriate initial conditions can be
given by[9]
h
(
10−5, k
)
= 1 (20)
ha
(
10−5, k
)
= 0.
We can now back to the visualization of power spectrum (19) through (12) and this is done in three cases of
Hubble function (14). The three (color) graphs shown in Fig.1 are the spectrum diagrams of perturbations
corresponding to three cases of the Hubble function when it is substituted in (12) and the numerical recipes
are implemented. The three cases of the Hubble function (14) and corresponding spectrum graphs (in Fig.1)
are as follows:
1) General: H2(a) = H20
(
Ωra
−4 +Ωma
−3 +ΩΛ
)
corresponds to the grape graph,
2) Matter–Dark Energy dominate: H2(a) ≈ H20
(
Ωma
−3 +ΩΛ
)
corresponds to the red graph,
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Figure 1: Three power spectrum diagram Ω(k) versus k in the three cases of the Hubble function.
3) Matter dominate: H2(a) ≈ H20Ωma−3 corresponds to the orange graph.
Let us have a brief discussion about the graphs shown in Fig.1. Based on the figure, we can deduce the
following:
1) The power spectrum corresponding to the cases (1), (2) (grape and red graphs, respectively) are not much
different and this is to be expected due to the very small contribution of radiation term (Ωr ≃ 10−4) in
comparison with matter and dark energy contributions.
2) But, ignoring the dark energy contribution has two effects on the wave power, the first effect is the decrease
in wave power and the second is the increase in power oscillations (in the frequency interval shown).
4 Conclusions
In the flat back–ground FRW universe, the evolution of gravitational waves perturbations is described in
terms of the scale factor (instead of conformal time) through the Lagrange equations (instead of the transfer
function). The power spectrums of perturbations in three cases of the Hubble (rate) function are presented by
the corresponding graphs. The graphs show that ignoring the dark energy contribution can have a relatively
significant decreasing effect on wave power spectrum (except for frequencies close to zero).
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